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ABSTRACT
In this article we examine the compatibility of some recent results, results relating
M-Theory to String Theory, with the string-string duality conjecture in six-dimensions. In
particular, we rederive the relation between M-Theory and Type IIA strings. We then go
on to examine in detail M-Theory on K3× S1 and its relation to the Heterotic theory on
T 4. We conclude with some remarks on M-Theory on T 4× (S1/Z2) and its relation to the
Type II theory on K3.
1/19/96
1 With “Natural Ingredients” from Luscious Jackson
1. Introduction
In the past year much has happened in the field of string theory. Old results relating
the two Type II string theories [9] and the two Heterotic string theories [4] have been
combined with newer results relating the Type II theory and the Heterotic theory [13][10]
as well as the Type I theory and the Heterotic theory [15] to obtain a single “String Theory.”
In addition, there has been much recent progress in interpreting some, if not all, properties
of String Theory in terms of an eleven-dimensional M-Theory [2][6][8][13][15]. In this
paper we will perform a self-consistency check on the various relations between M-Theory
and String Theory. In particular, we will examine the relation between String Theory
and M-Theory by examining its consistency with the string-string duality conjecture of
six-dimensional String Theory. So, let us now take a quick look at the relations between
M-Theory and String Theory some of which we will be employing in this article.
In Witten’s paper [13] he established that the strong coupling limit of Type IIA
string theory in ten-dimensions is equivalent to eleven-dimensional supergravity [1][16] on
a “large” S1. As the low energy limit of M-theory is eleven-dimensional supergravity
[15], this relation states that the strong coupling limit of Type IIA string theory in ten-
dimensions is equivalent to the low-energy limit of M-Theory on a “large” S1. In the
paper of Witten and Horava [15], they establish that the strong coupling limit of the ten-
dimensional E8×E8 Heterotic string theory is equivalent to M-Theory on a “large” S1/Z2.
Recently, Witten [17], motivated by Dasgupta and Mukhi [2], examined M-Theory on a
Z2 orbifold of the five-tours and established a relation between M-Theory on this orbifold
and Type IIB string theory on K3. Also, Schwarz [8] very recently looked at M-Theory
and its relation to T-Duality.
As stated above, M-Theory on a “large” S1 is equivalent to a strongly coupled Type
IIA string theory in ten-dimensions. Also, M-theory on a “large” S1/Z2 is equivalent
to a strongly coupled E8 × E8 Heterotic string theory in ten-dimensions. However, the
string-string duality conjecture in six dimensions states that the strongly coupled limit
of a Heterotic string theory in six-dimensions on a four-torus is equivalent to a weakly
coupled Type II string theory in six-dimensions onK3. Similarly, it states that the strongly
coupled limit of a Type II theory in six dimensions on K3 is equivalent to a weakly coupled
Heterotic string theory in six-dimensions on a four-torus. Now, as a strongly coupled Type
IIA string theory in ten-dimensions is equivalent to the low energy limit of M-Theory on a
“large” S1, the low energy limit of M-Theory on S1×K3 should be equivalent to a weakly
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coupled Heterotic string theory on a four-torus by way of six-dimensional string-string
duality. Similarly, as a strongly coupled E8×E8 Heterotic string theory in ten-dimensions
is equivalent to the low energy limit of M-Theory on a “large” S1/Z2, the low energy limit
of M-Theory on S1/Z2×T 4 should be equivalent to a weakly coupled Type II string theory
on K3. The first of the above two consistency checks on the relation between M-Theory
and String Theory will be the subject of this article. However, we will comment on the
second consistency check in our conclusion.
2. M-Theory ∼ Type IIA Equivalence
In this section we will recount Witten’s results [13][15] establishing the equivalence
between a strongly coupled Type IIA string theory in ten-dimensions and the low-energy
limit of M-Theory on a “large” S1. To do so we will rely heavily upon the stability of BPS
saturated states. Hence, we will first briefly review the reasoning behind such stability in
a four-dimensional case before we go to ten-dimensions.
2.1. Stability of BPS Saturated States
In this subsection we will derive the stability of BPS saturated states in a four-
dimensional example which gives the flavor and motivation behind the stability relied
upon later in this section. Consider a N = 2 supersymmetric theory in four-dimensions.
Such a theory possess supercharges QLα where α is a Weyl spinor index and L = 1, 2. Such
supercharges satisfy the following algebraic relations,
{QLα, Q¯α˙M} = 2σmαα˙PmδLM
{QLα, QMβ } = ǫαβZ〈L,M〉,
(2.1)
where we are employing the standard notation of Wess and Bagger [12]. Now, following
[12], one can consider a particle of massM in its rest frame. Such a particle has momentum
P = (−M, 0) which implies that the above relations take the form,
{QLα, (QMβ )
†} = 2MδLMδβα
{QLα, QMβ } = ǫαβZ〈L,M〉.
(2.2)
As ZLM is anti-symmetric and L&M = 1, 2, one has ZLM = ZǫLM . So, this implies,
{QLα, (QMβ )
†} = 2MδLMδβα
{QLα, QMβ } = ǫαβǫLMZ.
(2.3)
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Next, we may define two new supercharges qLα which are linear combinations of the Q
L
α,
q1α =
1√
2
(Q1α + ǫαβ(Q
2
β)
†
)
q2α =
1√
2
(Q1α − ǫαβ(Q2β)
†
).
(2.4)
Finally, by way of (2.3), these operators satisfy the following anti-commutation relations,
{q1α, (q1β)
†} = δβα(2M + Z)
{q2α, (q2β)
†} = δβα(2M − Z).
(2.5)
Now, the point to notice about all of this algebra is that the second equation in (2.5) has
positive semi-definite eigenvalues. This implies M ≥ Z/2. Hence, there is a lower bound
on the mass of a state in a representation of the supersymmetry algebra with central charge
Z, and this lower bound is Z/2. States which saturate this bound, particles with mass
Z/2, are said to be BPS saturated states and it is these states which are “stable” as we
will now proceed to show.
A question which may now arise : Physically, to what does the central charge corre-
spond? The answer depends upon the particular N = 2 theory one is considering. So, we
will just touch upon a single example from the work of Witten and Seiberg [14]. In this
paper they considered a N = 2 Yang-Mills theory in four-dimensions with gauge group
SU(2). In their example the gauge group SU(2) was spontaneously broken to U(1). So,
any particular particle of this spontaneously broken gauge theory possess a U(1) electric
charge ne and a U(1) magnetic charge nm, where we can always choose units such that ne
and nm are integers. The electric and magnetic charges are related to the central charge Z
by way of two complex numbers a and aD which arise in the theory. The complex numbers
a and aD allow us to define a third complex number Z = nea+ nmaD associated with the
electric and magnetic charges of a particular particle. For this particular particle, with
electric charge ne and magnetic charge nm, the central charge for its representation of the
supersymmetry algebra is given by Z = 2
√
2|Z|, where |Z| is the modulus of the complex
number Z. So, this particular particle has mass M ≥ √2|Z|.
Now let us consider a particular particle which is BPS saturated. In other words, let
us consider a particle with charges ne and nm and mass M such that M =
√
2|Z|. Is
such a particle stable? Let us consider the possible modes of decay for such a particle. In
considering such a decay let us assume that the ratio a/aD is not real. Now, let us assume
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that the state Z may decay into several other states Zi with electric charges ne,i and
magnetic charges nm,i as well as charge vectors Zi = ne,ia + nm,iaD. As the ratio a/aD
is, by assumption, not real, charge conservation implies that Z =
∑
Zi. Furthermore,
the triangle inequality implies that |Z| ≤ ∑ |Zi|. Employing the inequality Mi ≥ √2|Zi|
for each state the triangle inequality implies M ≤ ∑Mi. However, if the state M is to
decay into the set of states Mi, then it is impossible that M <
∑
Mi. So, this implies
that M =
∑
Mi. This only occurs when all the Zi are parallel to Z. This is in turn only
possible if ne and nm are not relatively prime; in other words, this only occurs if there
exist integers q, n, and m such that ne = qn and nm = qm. In this case, the state Z,
among other things, can decay into q BPS saturated particles each with electric charge n
and magnetic charge m. Such states with ne and nm not relatively prime are said to be
neutrally stable. However, one can see that if ne and nm are relatively prime, then the state
Z is stable against decay as there exists no decay channel which preserves conservation of
momentum and conservation of charge.
Next let us consider a subset of our previous example, as its analog will appear in
the treatment of Type IIA string theory in ten-dimensions. Again in this example we will
assume the ratio a/aD is not real. However, in this case we will consider a BPS saturated
state with electric charge ne and zero magnetic charge nm = 0. Assume it decays into a set
of states Zi with electric charges ne,i and magnetic charges nm,i as well as charge vectors
Zi = ne,ia + nm,iaD. Charge conservation implies Z =
∑
Zi, and the triangle inequality
implies |Z| ≤ ∑ |Zi|. The BPS inequality along with conservation of momentum implies
M =
∑
Mi, and this only occurs when all the Zi are parallel to Z. Hence, all the states
Zi also only possess electric charge. Thus, as one may easily see, a BPS saturated state
with only electric charge is only neutrally stable, as a state with electric charge ne may
decay into ne states, each with electric charge 1.
Now let us consider how the stability of states with relatively prime electric ne and
magnetic nm charges changes as the coupling constants of the theory are varied. In par-
ticular, as we vary the coupling constant Λ of the theory the only possible change in the
above picture occurs when the dependence of a and aD upon Λ is taken into account. So,
we could consider the hypothetical case2 in which a and aD both are proportional to Λ
−1.
In this case the magnitude of a and aD both vary as one varies Λ; however, the ratio a/aD
2 Note, this is not what occurs in this theory, but we are using this as a hypothetical as its
analog does occur in Type IIA string theory in ten-dimensions.
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is constant for all Λ. So, in particular, if the ratio is not real for any given Λ, then it is
not real for all Λ and the above argument goes through for any coupling Λ. This implies
that the relatively prime BPS saturated states would exist and be stable for all Λ! But, if
the dependence of a and aD upon Λ is more complicated, this may not be the case.
Again, as its analog will occur in the treatment of Type IIA string theory in ten-
dimensions, let us consider the neutral stability of BPS saturated states with only an
electric charge as Λ is varied. As we showed above for a given coupling, BPS saturated
states with only an electric charge are neutrally stable and may decay into a set of BPS
saturated states all with only electric charge. Now, upon varying the coupling constant
Λ of the theory, the continued neutral stability of the electrically charged BPS saturated
states is dependent upon the Λ dependence of a and aD. If, hypothetically
3, a and aD were
both proportional to Λ−1, then, as above, the neutral stability of BPS saturated states
with only an electric charge is guaranteed for all Λ. Again, if the dependence of a and aD
upon Λ is more complicated, this may not be the case. However, the simple dependence
upon Λ examined above will indeed show up in the case we are really concerned with,
Type IIA string theory in ten-dimensions. So, we will be able to use the neutral stability
of the BPS saturated states with only electric charge in the next subsection to derive the
relation between the low-energy limit of M-Theory and the strong coupling limit of Type
IIA string theory in ten-dimensions.
2.2. M-Theory ∼ Type IIA Equivalence
In this subsection we will employ the results of the previous subsection in deriving the
equivalence between a strongly coupled Type IIA string theory in ten-dimensions and the
low energy limit of M-Theory on a “large” S1. The first step we will take in doing so is to
examine Type IIA string theory in ten-dimensions.
In ten-dimensions Type IIA string theory has a low energy limit which is given by
Type IIA supergravity [16]. So, let us now look at Type IIA supergravity. Its bosonic sector
consists of a dilaton φ, a one-form A, a two-form B, a three-form A3, and a metric g. The
forms A, B, and A3 give rise to the field strengths F = dA, H = dB, and F4 = dA3, where
d denotes the deRham operator in ten-dimensions. Also, in writing the bosonic portion
of the action, we will have need of the four-form F ′4 = dA3 + A ∧ H, where ∧ denotes
3 Again, this is not what occurs in this theory, but we are using this as a hypothetical as it
does occur in Type IIA string theory in ten dimensions.
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the standard wedge product of forms. The bosonic portion of the Type IIA supergravity
action in ten-dimensions may be written as follows [13] ( where we have taken α′ = 1 ),
S = SNS + SR (2.6)
SNS =
1
2
∫
d10x
√
ge−2φ
(
R + 4(∇φ)2 − 1
12
H2
)
(2.7)
SR = −
∫
d10x
√
g
(
1
2 · 2!F
2 +
1
2 · 4!F
′
4
2
)
− 1
4
∫
F4 ∧ F4 ∧B. (2.8)
As the II of Type IIA denotes, the full Type IIA theory possess a N = 2 supersymmetry.
So, in particular, a generalization of our previous remarks in the case of four-dimensions
holds in this case. The theory has two supercharges Qα and Q
′
α˙, where α and α˙ denote
Majorana-Weyl spinor indices. These two supercharges, as in the four-dimensional case
(2.1), satisfy anti-commutation relations of the general form,
{Q,Q} ∼ P (2.9)
{Q′, Q′} ∼ P (2.10)
{Qα, Q′α˙} ∼ δαα˙W, (2.11)
where W is a central charge. Again, as was the case in four-dimensions, this central charge
leads to an inequality between the mass M of a particle and the central charge W ,
M ≥ c0W, (2.12)
where c0 is a “constant” which, as we shall show, only depends upon the ten-dimensional
string coupling constant λ. So, na¨ıvely it looks as if the situation is exactly analogous to
that in four dimensions. However, again, we should ask ourselves : Physically, to what
does the central charge correspond?
In the four-dimensional case we considered a spontaneously broken Yang-Mills the-
ory with gauge group SU(2) broken down to U(1) and we found the U(1) electric and
magnetic charges of a given particle were related to the central charge of that particle’s
supersymmetry algebra in a straight-forward manner. However, in this situation we are
dealing with supergravity; hence, there is no obvious U(1) gauge group to which W may
be related. However, upon a second look there is.
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Looking at (2.6) one sees that the bosonic field A is invariant under the U(1) gauge
transformation δA = dλ0, where λ0 is a scalar. This symmetry also persists in the full Type
IIA supergravity theory. Hence, one might guess that charges with respect to this U(1)
are related to the central charge W . We will find that this is indeed the case. But to do so
we must first look at the relation between Type IIA supergravity and eleven-dimensional
supergravity.
A standard method of deriving Type IIA supergravity is by dimensionally reducing
eleven-dimensional supergravity [7][16]. Dimensionally reducing eleven-dimensional super-
gravity can be done by first putting the eleven-dimensional theory on M ×S1, where M is
an arbitrary ten-dimensional manifold, dropping the dependence of the eleven-dimensional
supergravity fields on the eleventh coordinate which parameterizes S1, and decomposing
the eleven-dimensional supergravity fields in terms of representations of SO(1, 9). In par-
ticular, the ten-dimensional one-form A and the ten-dimensional dilaton φ arise from the
eleven-dimensional vielbein as follows [16],
eAM →
(
eam Am
0 e
2
3
φ
)
, (2.13)
where the index A is an eleven-dimensional Lorentz index, M is an eleven-dimensional
curved index, a is a ten-dimensional Lorentz index, and m is a ten-dimensional curved
index. The 10×1 block of zeros in (2.13) can be obtained by making a gauge choice which
uses up the Lorentz transformations between the first ten-dimensions and the eleventh
dimension.
Now, one may wonder how the gauge transformation A = dλ0 is implemented from
this eleven-dimensional view of Type IIA supergravity. Consider a diffeomorphisim of
the eleven-dimensional manifold M × S1 generated by an eleven-dimensional vector V M
that does not depend upon the eleventh coordinate of M × S1 and whose only non-zero
component is V 11. This diffeomorphisim is obviously a symmetry of the eleven-dimensional
supergravity theory. However, one may wonder how it will be interpreted in terms of Am.
To interpret the action of VM in terms of Am let us first consider its action on e
A
M . One
has the standard relation,
eAM → eAM + V N∂NeAM + eAN∂MV N , (2.14)
where ∂M is the standard eleven-dimensional derivative operator. Now, by definition
Am = e
11
m . Hence, under this eleven-dimensional diffeomorphisim,
Am → Am + e 23φ∂mV 11, (2.15)
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where we have employed the fact that the only non-zero component of VM is V 11 and Am is
independent of the eleventh coordinate. One may now define a function λ0 as the solution
to the differential equation ∂mλ0 = e
2
3
φ∂mV
11. As φ and V 11 are both ten-dimensional
scalars, the solution λ0 is also a ten-dimensional scalar, and, noting equation (2.15), λ0
allows us to write the variation of Am under this eleven-dimensional diffeomorphisim as
δA = dλ0. Hence, we obtain the original gauge invariance of the Type IIA theory δA = dλ0
from an eleven-dimensional diffeomorphisim. But, now we see that this gauge invariance
simply comes from rotations of S1.
One may now ask oneself : What is electrically charged with respect to this gauge field
A from an eleven-dimensional point-of-view. The answer to this question is rather easy.
Consider a plane-wave with a non-zero momentum P11 in the eleventh-dimension. Such a
plane-wave is proportional to exp(iP11x
11). Now a rigid rotation of the S1 may be imple-
mented by the translation x11 → x11 + V 11, where V 11 is independent of x11. Under such
a rigid rotation the plane-wave transforms as exp(iP11x
11) → exp(iP11V 11)exp(iP11x11).
Hence, the plane-wave with momentum P11 in the eleventh-dimension transforms as if it
has electric charge P11 with respect to the gauge field A. This is also true in general. A
particle with momentum P11 in the eleventh-dimension will transform as if it has electric
charge P11 with respect to the gauge field A.
As we showed above, electrically charged objects from an eleven-dimensional point-
of-view are particles with a non-zero momentum in the eleventh-dimension. This has no
obvious analog from a ten-dimensional point-of-view. However, the U-Duality conjecture
of Hull and Townsend [6] implies the existence of such electrically charged objects in ten-
dimensions. The U-Duality conjecture states that a Type IIA string theory on a d-torus
possess a discrete symmetry group, with depends on the d under consideration. This
discrete symmetry group, among other things, establishes a symmetry of Type IIA string
theory on a d-torus under the exchange of various electric and magnetic charges. In
particular, it postulates that there exists a symmetry of the toridially compactified Type
IIA string theory which exchanges “fundamental” electrically charged objects, which we
know to exist perturbatively, for instance winding states, and objects which are electrically
charged with respect to the gauge field A we have been examining. Hence, if the U-Duality
conjecture is true, then there exist electrically charged particles with respect to the gauge
field A in a toridially compactified Type IIA string theory. However, one could consider
taking all the radii of the torus to infinity to obtain a ten-dimensional Type IIA string
theory. Upon doing so it would seem pathological if such electric charges with respect to
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A ceased to exist, as the gauge field A continues to exits in ten-dimensions in the same
“form” as it exists in 10 − d dimensions. Hence, motivated by the U-Duality conjecture,
we will assume such electric charges exist in ten-dimensional Type IIA string theory. But,
we have not answered the question: What objects are electrically charged with respect to
this gauge field A from a ten-dimensional point-of-view?
In the paper of Hull and Townsend they postulated that the electrically charged
objects with respect to the gauge field A were charged black holes in 10 − d dimensions.
This is actually not as strange as it may seem. Black holes in any dimension [11] [13] with
charge W and mass M satisfy the inequality M ≥ const ·W . This looks exactly like our
BPS inequality (2.12). So, identifying the electrically charged states with respect to A
with electrically charged black holes seems rather profitable, and, as black holes in 10− d
dimensions also yield black holes in ten-dimensions, we can take the electrically charged
black holes of 10−d dimensions to yield electrically charged black holes in ten-dimensions.
These ten-dimensional black holes are the charged objects we have been looking for. Also,
as one may easily see by way of the inequality M ≥ const ·W , the extremal black holes
should, in all likely-hood, be identified with the BPS saturated states.
Now, as we have finally argued for the existence of BPS saturated states electrically
charged with respect to the gauge field A, let us see the promised relation between the
central charge W and the electrical charge with respect to A. The derivation is rather
simple. As we previously mentioned, Type IIA supergravity in ten-dimensions is derivable
from eleven-dimensional N = 1 supergravity. This eleven-dimensional supergravity theory
possess a supersymmetry algebra with a term of the general form,
{Q,Q} ∼ P, (2.16)
where Q is a Majorana supersymmetry charge in eleven-dimensions and P is an eleven-
momentum. As we noted previously, the ten-dimensional supersymmetry generators are
Majorana-Weyl spinors. So, in dimensionally reducing from eleven to ten-dimensions the
spinor Q is split into two ten-dimensional Majorana-Weyl spinors Q and Q′. Also, the
eleven-vector P is split into a ten-vector P and a scalar P11. This process of dimensional
reduction leaves us a ten-dimensional supersymmetry algebra of the general form,
{Q,Q} ∼ P (2.17)
{Q′, Q′} ∼ P (2.18)
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{Qα, Q′α˙} ∼ δαα˙P11, (2.19)
exactly the same form as in equations (2.9), (2.10), and (2.11). Hence, we see we should,
up to a “constant,” make the identification of P11 in (2.19) with W of (2.11). As all of
this is rather rough, this identification is up to a “constant” which may depend upon the
string coupling constant.
As we saw earlier, an electric charge with respect to A corresponds to a non-zero
momentum in the eleventh-dimension, i.e. P11 6= 0. Hence, one may easily see that the
charge with respect to the gauge field A is indeed the central charge of the ten-dimensional
supersymmetry algebra. Next, let us look at the spectrum of BPS saturated states which
are charged with respect to the gauge field A.
As we mentioned earlier, motivated by the U-Duality conjecture we will take BPS
saturated ten-dimensional states charged with respect to A to be charged extremal black
holes. Now the question arises : What is the spectrum of such states? To answer this let
us look at the mass relation for such BPS saturated states. We have M = c0W . So, for
any given charge W there exists a BPS saturated state with mass given by M = c0W .
The next question one would ask to find the spectrum is : What charges W may arise in
this ten-dimensional Type IIA theory? One would assume, in accord with other quantum
theories, that the possible charges are integer multiples of some fundamental unit. This
assumption is also in accord with U-Duality, as U-Duality conjectures a symmetry which
exchanges charges which we know to be quantized perturbatively with charges with respect
to the gauge field A. So, choosing units properly, W = ne, where ne is any integer. This
seems the only reasonable point-of-view as the corresponding classical black holes may
take on any charge with respect to the gauge field A. Furthermore, this point-of-view is in
accord with our interpretation of the charge from an eleven-dimensional point-of-view as
being the momentum P11 in the compact dimension S
1; classically, P11 may take on any
value. So, with this assumption, the spectrum of masses of these BPS saturated states is
given by M = c0ne where ne is an integer.
Next let us consider how BPS saturated states with mass M = c0ne depend upon
the string coupling constant which we denote as λ. As one may easily find by scaling
the metric in equation (2.6), the coupling constant λ in Type IIA string theory in ten-
dimension is explicitly given by λ = eφ. So, what we want to do is to find the relation of
λ = eφ to the “constant” c0. The easiest manner in which to do this is to examine the
derivation of Type IIA supergravity from a dimensional reduction of eleven-dimensional
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supergravity. As we previously mentioned, dimensional reduction suggests that we make
the identification c0W ∼ P11. Now, by requiring the wave function of a particle traveling
around the eleventh-dimension to be single valued we have P11 = n/R, where n is an integer
and R is the radius of the eleventh-dimension’s S1 as measured by the eleven-dimensional
metric GMN = e
A
Me
B
NηAB . As the dilaton φ arises from the eleven-dimensional vielbein,
as in equation (2.13), one should suspect that the radius R is related to the value of φ
and this is indeed the case. The eleven-dimensional metric implies a distance element
ds2 = G10mndx
mdxn + e
4
3
φ(dx11 − Amdxm)2, where G10mn = eamebnηab and A and φ are as
they appear in (2.13). So, the radius R of the eleventh-dimension’s S1 is given by e
2
3
φ.
Hence, as W is an integer and independent of φ, one has c0 ∼ ce− 23φ, where c is a true
constant. Next we must find the exact relation between c0 and φ to determine how the
BPS saturated states’ spectrum varies with φ and hence the coupling constant λ = eφ.
However, this requires a bit of work. Let us start by explicitly looking at the process of
dimensionally reducing eleven-dimensional supergravity. Eleven-dimensional supergravity
[16] has a bosonic sector which consists of a vielbein eAM and a three-form A3. Also, the
three-form A3 gives rise to the field strength F4 = dA3. These fields appear in the bosonic
portion of the eleven-dimensional action with the general form [16],
S =
1
2
∫ √
G
(
R+
1
24
F24
)
+
∫ √
2
3456
ǫM1···M11FM1···M44 FM5···M84 AM9···M114 . (2.20)
where G is the determinate of the eleven-dimensional metric, R is the eleven-dimensional
curvature scalar, and ǫM1···M11 is the eleven-dimensional totally anti-symmetric tensor
density.
Now, to dimensionally reduce such an action we first must place the theory on an
eleven-dimensional manifoldM×S1, withM an arbitrary ten-dimensional manifold. Next
we must drop the dependence of the eleven-dimensional fields on the eleventh-coordinate
which parameterizes S1. After this we should decompose the eleven-dimensional fields
into representations of SO(1, 9). In particular, this leads to a decomposition of eAM , as
in equation (2.13), into a ten-dimensional one-form A, a ten-dimensional scalar φ, and a
ten-dimensional vielbein eam. The three-form A3 decomposes into a ten-dimensional three-
form A3mnp = A3mnp and a ten-dimensional two-form Bmn = A3mn11. This leads to a
ten-dimensional Type IIA supergravity action of the general form,
S = SA + SB (2.21)
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SA =
1
2
∫
d10x
√
G10e
2
3
φ
(
R + 4(∇φ)2 − 1
4!
F ′4
2
)
(2.22)
SB = −
∫
d10x
√
G10
(
1
24
e−
2
3
φH2 +
1
2 · 2!e
2φF 2
)
− 1
4
∫
F4 ∧ F4 ∧B, (2.23)
where we have employed the notation of (2.6) for the field strengths and we have employed
the notation G10mn = e
a
me
b
nηab for the ten-dimensional metric.
Now, one can see, looking at (2.6) and (2.21), that if we wish to identify the two
actions, then we must scale the ten-dimensional metric G10mn as the powers of e
φ don’t
match-up in any easily seen manner. In fact, if we scale as G10mn = e
− 2
3
φgmn, then we
obtain from (2.21) an action, in terms of the metric gmn, of the form,
S = SNS + SR (2.24)
SNS =
1
2
∫
d10x
√
ge−2φ
(
R + 4(∇φ)2 − 1
12
H2
)
(2.25)
SR = −
∫
d10x
√
g
(
1
2 · 2!F
2 +
1
2 · 4!F
′
4
2
)
− 1
4
∫
F4 ∧ F4 ∧B. (2.26)
So, we see that if we identify the metrics of (2.6) and (2.24), then the actions (2.6) and
(2.24) agree.
Next, let us use this identification to examine how the spectrum of BPS saturated
states in ten-dimensional Type IIA strings varies as one varies the coupling constant. As
one will remember, the coupling constant of Type IIA string theory in ten dimensions is
λ = eφ. Also, as one will remember, we found that c0 of equation (2.12) is of the form
c0 ∼ c/R, where, the radius R was measured in the eleven-dimensional metric. To obtain a
value for R in the new ten-dimensional metric gmn we must employ theWeyl transformation
G10mn = e
− 2
3
φgmn. Doing so we have R → Reφ/3. Hence, we have c0 = ce−φ/3R−1. Now,
as we previously found R = e
2
3
φ this implies c0 = ce
−φ. In addition, we have the fact that
the Type IIA string theory coupling constant in ten-dimensions is λ = eφ; so, c0 = c/λ.
This implies that the masses of the BPS saturated states satisfy M = cne/λ. Hence, we
have found how the spectrum of BPS saturated states depends upon the coupling constant
λ.
Now, as we found in a previous subsection, BPS saturated states of the above form are
neutrally stable against decay; in addition, as the coupling constant dependence of these
states takes such a simple form, they are neutrally stable for all possible values of λ. So,
in particular one could consider the step of taking the strong coupling limit λ → ∞. As
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the mass spectrum is given by M = cne/λ, in the limit λ→∞ one obtains an infinite set
of massless states, one for each integer ne. The question is : Can we interpret this λ→∞
limit as a low-energy field theory of some type?
At low-energies the field theory in question must have an infinite set of massless states
and Type IIA supersymmetry; what might this theory be? There are only two known
consistent theories which possess Type IIA supersymmetry in ten-dimensions, Type IIA
string theory and Type IIA supergravity. Neither of these has an infinite set of massless
states at low-energies. So, they are both out. Hence, we still do not know what low-
energy theory might be “sitting” at the strongly coupled region of Type IIA string theory.
One could postulate that this is some new ten-dimensional theory, or one could consider
that maybe this is the limit of some previously know or unknown theory in more or less
than ten-dimensions. We will take this latter route as there exists a perfect candidate in
eleven-dimensional supergravity.
As we found earlier, dimensionally reducing eleven-dimensional supergravity yields a
ten-dimensional Type IIA supergravity theory. Also, as we found earlier, states which are
charged with respect to the ten-dimensional gauge field A correspond to eleven dimensional
particles with a non-zero momentum P11. So, it is these states which will appear, from
an eleven dimensional point-of-view, as BPS saturated states. Also, quite conveniently,
there are an infinite number of these states4. The question now is : Do all of these states
become massless in the correct limit?
To some extent, we have answered this question already. A state with momentum
P11 = n/R in the compact dimension S
1 has mass M ∼ n/R. So, in the limit R→∞ the
masses of all these momentum states go to zero. Now, does this R→∞ limit correspond
to the λ →∞ limit of Type IIA string theory in ten-dimensions? As we found earlier, as
measured in the ten-dimensional metric gmn, the radius R is given by R = e
φ = λ. Hence,
the limits correspond exactly, and we may identify the strong coupling limit of Type IIA
string theory with eleven-dimensional supergravity on a “large” S1. However, the low-
energy limit of M-Theory is eleven-dimensional supergravity [15]; hence, the low-energy
limit of M-Theory is the strong coupling limit of Type IIA string theory.
4 As the momentum P11 is in a compact dimension, it is of the form n/R, where n is an
integer and R is the S1 radius.
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3. Heterotic ∼ M-Theory Equivalence
In this section we will verify a conjectured relation between M-Theory and Heterotic
string theory. As mentioned in the introduction, the string-string duality conjecture in
six-dimensions conjectures that the strong coupling limit of a Type II string theory on
K3 is equivalent to the weak coupling limit of a Heterotic theory on T 4. As we showed
in the last section, the strong coupling limit of Type IIA theory in ten-dimensions is the
low-energy limit of M-Theory on a “large” S1. So, along with the string-string duality
conjecture of six dimensions, this implies the conjecture that the low-energy limit of M-
Theory on K3× S1 with a “large” S1 is equivalent to a weakly coupled Heterotic theory
on T 4. This conjecture is what we will look at in this section.
3.1. Heterotic String Theory on T 4
In this subsection we will examine the Heterotic string theory on T 4. But, let us start
the section by looking at the Heterotic theory in its natural setting, ten-dimensions. As the
string-string duality conjecture which we are examining only relies upon the low-energy
limit of the Heterotic theory, we need only concern ourselves with the low-energy limit
of the Heterotic theory in ten-dimensions. The low-energy limit of the Heterotic theory
in ten dimensions is a N = 1 supergravity theory coupled to a N = 1 super Yang-Mills
theory [16]. The gauge group G of the super Yang-Mills theory in ten-dimensions will
only be G = (U(1))16 as we will only assume ourselves to be at a “generic” point in the
Heterotic string theory moduli space. The bosonic field content of the low-energy effective
field theory is as follows : There is a vielbein eam, a dilaton φ, a gauge field A
I
m with gauge
group G, and a two-form Bmn. The gauge field A and the two-form B give rise to the
field strengths F = dA and H ′ = dB. Also, to write the low-energy effective field theory
we will have need of the three form H = H ′ +
∑
I A
I ∧ dAI + 23AI ∧AI ∧AI . With these
fields we may write the bosonic portion of the low-energy effective field theory as follows
[16],
S =
∫ √
ge−2φ
(
1
2
R− 1
4
gmngpqF ImpF
I
nq −
1
4
(∂mφ)
2 − 3
8
gmngpqgrsHmprHnqs
)
, (3.1)
where ∂m is the standard ten-dimensional derivative operator and gmn = e
a
me
b
nηab is the
ten-dimensional metric.
Next our task is to employ the process of compactification to put this theory on T 4.
This process is similar to that we encountered in dimensionally reducing eleven-dimensional
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supergravity to ten-dimensional supergravity. However, in compactification one keeps the
fields’ dependence upon the coordinates parameterizing the compact space. For instance,
if we were to consider compactifying eleven-dimensional supergravity on a S1, then a
generic field K would depend on the coordinate x11 parameterizing the S1. However, as
S1 is compact and of radius R, we could employ Fourier analysis to write the field K as
follows : K =
∑
n∈ZKne
i n
R
x11 , where Kn is independent of x
11. Looking at this form
of K one can see that the modes with n 6= 0 all have mass M ∼ n/R. So, one obtains
massive and massless modes upon compactification. This same statement is also true in
the compactification of the Heterotic theory on T 4. One obtains massive and massless
modes from the same mechanism above. However, as the string-string duality conjecture
which we are attempting to examine has only need of the low-energy limit of the Heterotic
theory, we will only keep track of the massless modes as the massive ones will be irrelevant
to our inquiry. So, as we are only concerned with the low-energy limit of the Heterotic
theory, our process of compactification actually reduces to one of dimensional reduction.
Hence, in “compactifying” we will actually only be dimensionally reducing the low-energy
limit (3.1) of the Heterotic string theory in ten-dimensions.
So, let us start this process of “compactification.” As one will remember, it consists of
three basic steps : Place the theory on the manifold M × T 4, where M is an arbitrary six-
manifold. Next, drop the dependence of the fields upon the coordinates parameterizing T 4.
After this, decompose the ten-dimensional fields in terms of representations of SO(1, 5).
The easiest two portions of this process are putting the theory onM×T 4 and dropping the
dependence of the fields upon the coordinates parameterizing T 4. These both are simply
conceptual steps and involve no real algebra. Decomposing the fields in terms of SO(1, 5)
involves a bit of work.
So, let us consider decomposing the low-energy fields of the Heterotic theory in ten-
dimensions into representations of SO(1, 5). Consider first decomposing the veilbein eam.
It isn’t that difficult to figure out the decomposition into representations of SO(1, 5) upon
looking back at the dimensional reduction of the eleven-dimensional veilbein (2.13). One
has in this case,
eam →
(
eαρ A
i
ρ
0 eij
)
, (3.2)
where eαρ is a six-dimensional veilbein
5, the Aiρ are four six-dimensional one-forms, e
i
j are
sixteen six-dimensional scalars, and the four-by-six block of zeros is obtained by making
5 The index α is a six-dimensional Lorentz index, the index ρ is a six-dimensional curved
index, and the indices i and j go from 1 to 4
a gauge choice which uses up the gauge freedom associated with Lorentz transformations
between M and T 4.
Again looking at (2.13) along with (3.2) one is motivated to interpret the Aim as a set of
four U(1) gauge fields. In fact upon substituting the veilbein (3.2) into the action (3.1) one
finds that the one-forms Aim indeed appear in the six-dimensional action as four U(1) gauge
fields. Furthermore, as when we dimensionally reduced eleven-dimensional supergravity to
ten-dimensional supergravity, the gauge transformations of the Aim correspond to rotations
of the appropriate S1’s. The sixteen scalars eij also have a novel interpretation as we will
see a bit later when we introduce all of the other scalars present in the “compactified”
theory.
Let us next look at decomposing the one-forms AIm. They give a set of sixteen one-
forms AIρ in six-dimensions as well as a set of 16 × 4 = 64 scalars AIi . The set of sixteen
one-forms AIρ are U(1) gauge fields in six-dimensions. The U(1) symmetry simply follows
from the sixteen U(1)’s present in ten-dimensions. The set of sixty-four scalars AIi , as we
will see later, have an interesting interpretation in concert with the other scalars we will
reveal in a moment.
Next let us look at decomposing the two-form Bmn. It yields a six-dimensional two-
form Bρξ, four six-dimensional one-forms Bρi, and six six-dimensional scalars Bij . (Re-
member Bmn is a two-form; thus, anti-symmetric.) One may explicitly verify that the
ten-dimensional action is invariant with respect to the gauge transformation δB = dλ1,
where λ1 is a one-form. This gauge transformation also has a different interpretation in
six-dimensions. One has,
δBρi =
1
2
(∂ρλ1 i − ∂iλ1 ρ) . (3.3)
Remembering the fact that one drops the dependence of all six-dimensional fields upon
the coordinates parameterizing T 4, this leads to,
δBρi =
1
2
(∂ρλ1 i) . (3.4)
Hence, the four Bρi may be interpreted as four U(1) gauge fields in six-dimensions.
Now let us look at the scalars. All in all we have one φ, six Bij , sixty-four A
I
i ,
and sixteen eij , a total of eighty-seven scalar fields. However, these scalar fields admit
a six parameter symmetry. One can consider making a Lorentz transformation on the
“internal” space T 4. Such a transformation will only effect the i index of the field eij .
Hence, all of the eij ’s are not physical. As the dimension of this internal SO(4) Lorentz
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group is 12 (4)(4−1) = 6, only 16−6 = 10 of the eij scalars are physical degrees of freedom.
Hence, instead of eighty-seven scalars one has only eighty-one. Now there is an interesting
manner in which to write eighty of these eighty-one scalars, the dilaton φ is the eighty-first
and left out of this construction.
Consider O(4, 20)/(O(4)× O(20)). As O(4, 20) is of dimension 12 (24)(24− 1) = 276
and O(4) and O(20) are of dimensions 12(4)(4−1) = 6 and 12 (20)(20−1) = 190 respectively,
the dimension of O(4, 20)/(O(4)×O(20)) is 276− 6− 190 = 80. Equivalent to the number
of physical scalars which we have less the dilaton. Hence, there is the possibility that one
may be able to express the scalars of the six-dimensional action in terms of an element of
O(4, 20) which is invariant with respect to the action of O(4)×O(20). This is indeed the
case [10]. One may put all of the eighty scalars, excluding the dilaton φ, into a 24 × 24
O(4, 20) matrix M and express the resultant six-dimensional low-energy field theory in
terms of the matrix M in such a way that it is invariant with respect to the action of
O(4)×O(20).
In fact, let us show that we may actually write the six-dimensional action in the
advertised form. As we found above, the six-dimensional field theory possess a veilbein
eαρ , and hence a six-dimensional metric gρξ, a dilaton φ, a two-form Bρξ, and twenty-four
U(1) gauge fields AI , Ai, and Bρi. Let us write all of these twenty-four U(1) gauge fields
as ARρ , where R = 1, . . . , 24. Also, it possess eighty scalar fields other than the dilaton.
As we mentioned above, the eighty scalar fields will be packaged in the 24× 24 matrix M
which takes values in O(4, 20). Upon “compactification” these fields yield a six-dimensional
action of the general form [10],
S = S1 + S2 (3.5)
S1 =
∫ √
ge−φ
(
1
2
R − 1
2
gρ̺∂ρφ∂̺φ− 1
24
gρ̺gσςgτυHρστH̺ςυ
)
(3.6)
S2 = −
∫ √
ge−φ
(
1
2
gρ̺gσςFRρσ(LML)RSF
S
̺ς −
1
16
gρ̺Tr(∂ρML∂̺ML)
)
, (3.7)
where R is the curvature scalar of gρξ, F
R = dAR, and L is the 24× 24 matrix,
L =
(−I20 0
0 I4
)
, (3.8)
where In is the n× n identity matrix. In addition, the six-dimensional three-form Hρστ is
defined by H = dB + 2AR ∧ FSLRS . So, in deriving (3.5) we have accomplished our goal
of finding the low-energy limit of the Heterotic string theory on T 4. Now, before we find
17
the low-energy field theory limit of M-Theory on K3 × S1 let us take a moment to note
some properties of the action (3.5).
Looking at the action (3.5) one may see that the vacuum expectation values of the
scalar fields M and φ determine the various coupling constants of the theory. Hence, the
various vacuua are parameterized by the space O(4, 20)/(O(4)×O(20))×R, where a point
in the O(4, 20)/(O(4)×O(20)) factor is given by the vacuum expectation value of M mod
O(4)×O(20) and a point in the R factor is given by the vacuum expectation value of φ.
Also, note that the gauge group is given by (U(1))24. Later when we examine M-Theory
on K3 × S1 we will see all of these features reproduced, evidence that the conjectured
relation between Type IIA string theory and M-Theory is true.
3.2. M-Theory on K3× S1
In this subsection we will examine M-Theory on K3 × S1. But, let us start by ex-
amining M-Theory in its most natural setting eleven-dimensions. The six dimensional
string-string duality conjecture which we are examining only relies upon the low-energy
limit of M-Theory; hence, we need only concern ourselves with the low-energy limit of
M-Theory in eleven-dimensions. The low-energy limit of M-Theory in eleven-dimensions
is eleven-dimensional supergravity[15]. Hence, in examining the low-energy limit of M-
Theory on K3 × S1 we need only examine eleven-dimensional supergravity on K3 × S1.
So, let us start with an examination of eleven-dimensional supergravity on K3× S1.
To start we must compactify eleven-dimensional supergravity on K3 × S1. We will
do so in two steps. First, we will compactify eleven-dimensional supergravity on S1, then
we will compactify the resultant theory on K3 the final result being eleven-dimensional
supergravity onK3×S1. So, let us remind ourselves of the eleven-dimensional supergravity
action. The bosonic portion of the action, as we previously presented in equation (2.20),
is given by,
S =
1
2
∫ √
G
(
R+
1
24
F24
)
+
∫ √
2
3456
ǫM1···M11FM1···M44 FM5···M84 AM9···M114 , (3.9)
where the fields are the same as those appearing in (2.20). Next let us compactify this
eleven-dimensional supergravity theory on S1. Again, as we will only be interested in the
low-energy limit of the compactified theory, we will only have need of the compactified
fields which in no way depend upon the coordinate parameterizing the compact6 S1. As in
6 As one will remember, such fields have a mass of order 1/R; hence, they are massive and
irrelevant to our low-energy inquiry.
18
the case of the Heterotic theory compactified on T 4, this means that our compactification
is simply demoted to a dimensional reduction. Thus, we are simply dimensionally reducing
eleven-dimensional supergravity to ten-dimensions. As one will remember, such a dimen-
sional reduction leads to Type IIA supergravity in ten-dimensions. Following our previous
results (2.21), one has a ten-dimensional Type IIA supergravity action of the general form,
S = SA + SB (3.10)
SA =
1
2
∫
d10x
√
G10e
2
3
φ
(
R + 4(∇φ)2 − 1
4!
F ′4
2
)
(3.11)
SB = −
∫
d10x
√
G10
(
1
24
e−
2
3
φH2 +
1
2 · 2!e
2φF 2
)
− 1
4
∫
F4 ∧ F4 ∧B, (3.12)
where all notation follows that of (2.21).
As we have now compactified M-Theory on S1 and taken the low-energy limit, our
next step is to compactify the M-Theory on S1 to a M-Theory on K3×S1. Or equivalently,
as our above compactification is equivalent to a dimensional reduction, one can consider
this process as compactifying Type IIA supergravity on7 K3.
Now, before we put M-Theory on K3 × S1, we must first examine the process of
compactification on more general manifolds than T 4. In the case of T 4 we were rather
lucky in that putting the Heterotic theory on T 4 the subtitles involved in compactifying a
theory were all but invisible. However, in the case of the manifold K3 we must actually
work.
Let us start by examining the compactification of a generic p-form field8 B. The
standard gauge invariance of a p-form field B is given by the transformation B → B+dλp−1
where λp−1 is a (p−1)-form. The gauge invariant field strength associated with this p-form
gauge field B is given by the (p+ 1)-form C = dB. So, the analog of the Maxwell action
on a manifold N for the p-form gauge field is given by,
S(C) =
p+ 1
2p!
∫
N
ga1a
′
1 · · · gapa′pCa1···apCa′1···a′p , (3.13)
7 Phrased in this manner one may see that the relationship of M-Theory to the Heterotic theory
in six-dimensions reduces to the standard string-string duality conjecture [10] in six-dimensions.
So, at this point we are really finished.
8 Most of this information can be found in standard references such as Green, Schwarz, and
Witten [16].
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where gab is the metric on the manifold N . One may introduce an inner product on the
space of p-forms which is given by,
〈C,C〉 = (p+ 1)!
∫
N
ga1a
′
1 · · · gapa′pCa1···apCa′1···a′p . (3.14)
So, the inner product is related to the action S(C) as follows :
S(C) =
〈C,C〉
2(p!)2
. (3.15)
Employing the definition of C allows one to also write the action S(C) as S(C) =
〈dB, dB〉/(2(p!)2). From this one may easily see that the equation of motion for the
p-form B is given by,
d∗dB = 0, (3.16)
where d∗ is the dual of d with respect to the inner product 〈 · , · 〉 on p-forms.
Consider now if we had some solution B to the p-form equations of motion (3.16).
As the action (3.13) is gauge invariant, one may also gauge transform B to B + dλp−1
and obtain a second solution B + dλp−1 to the p-form equations of motion. So, to obtain
only physical solutions to the p-form equations of motion we need to gauge fix the p-form
B. The p-form B has the gauge freedom δB = dλp−1; so, we need to impose enough
gauge conditions to fix this symmetry. As λp−1 is arbitrary this corresponds to
(
D
(p−1)
)
gauge conditions if N is D-dimensional. A particularly convenient gauge choice is given
by requiring of B,
d∗B = 0. (3.17)
As d∗ by definition takes p-forms to (p − 1)-forms this condition represents ( D
(p−1)
)
con-
straints, the exact number we need. We will take this as our gauge condition for B.
With (3.17) as our gauge condition we may write the equation of motion for B in a
much more conceptually fruitful manner. The Hodge operator is defined by ∆ = dd∗+d∗d.
So, combining the old equation of motion (3.16) with the gauge condition (3.17) we can
write the equation of motion as follows,
∆B = 0. (3.18)
From a mathematical point-of-view this is very familiar. It is an equation only satisfied
by harmonic p-forms. Furthermore, by way of the Hodge decomposition theorem, p-form
solutions of (3.18) are in one-to-one correspondence with the elements of Hp(N), the p-th
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cohomology group of N . Hence, the equations of motion for a p-form have gauge invariant
solutions which are given by the harmonic p-forms on the manifold in question and the
number of these solutions is the dimension bp(N) of H
p(N) otherwise known as the p-th
Betti number.
How does all of this relate to string theory compactifications ? To answer this question
let us consider this formalism on a manifold of the general form N =M ×K, where K is
taken to be the “small” internal manifold and M is what we would consider as a “normal”
spacetime. In this case the Hodge operator splits as follows,
∆ = ∆M +∆K , (3.19)
where ∆M is the Hodge operator on M and ∆K is the Hodge operator on K. Thus, on
the manifold M ×K the equations of motion for the gauge-fixed p-form B take the form,
∆MB +∆KB = 0. (3.20)
Let us consider what such an equation of motion “means.”
As we have taken K to be the “small” manifold it has dimensions of order R′ where
R′ is a length scale much smaller than that we are probing. So, the eigenvalues of the
operator ∆K are of order 1/R
′2 or a “large” mass squared. Looking at (3.20) we see that
if B has an eigenvalue m2 ∼ 1/R′2 with respect to the Hodge operator ∆K , then on the
“large” manifoldM the eigenvalue m2 will be interpreted as giving a mass m to the p-form
B on M . As m2 will be a “large” mass squared, p-forms with non-zero ∆K eigenvalues
will not appear in the low-energy field theory on M . So, when examining the low energy
field theory on M resultant from a manifold of the form M ×K, only the zero eigenvalues
of ∆K will be of any concern.
As we mentioned above in the case of N , the p-form zero eigenvalues of the Hodge
operator are harmonic forms, and such harmonic forms are in one-to-one correspondence
with the elements of Hp(N). This is also true of the Hodge operator ∆K . The q-form
zero eigenvalues of the Hodge operator ∆K are harmonic forms on K and in one-to-one
correspondence with elements of Hq(K). So, consider a (p− q)-form α on M and a q-from
β on K. Let us assume that β is a harmonic form on K and hence satisfies ∆Kβ = 0.
Together these forms define a p-form B = α∧β onM×K. If we consider this as a possible
p-form gauge field, then the equations of motion (3.20) for B take the form,
∆N α = 0. (3.21)
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This is simply the analog of the massless Klein-Gordon equation in the case of a (p− q)-
form on M . From this construction and the Ku¨nneth formula one can see the following
general rule : If one has a p-form B before compactification, then it gives rise to bq(K)
massless (p−q)-form fields upon compactification toM ×K, where bq(K) is the q-th Betti
number of K. We will use this general rule numerous times as we compactify onto K3×S1.
Before applying this formalism to the case of M-Theory on K3×S1 let us, as a check
on the formalism, quickly apply it to the case of the Heterotic theory on T 4 to check field
content. By way of the Ku¨nneth formula and the fact that H0(S1) = Z and H1(S1) = Z,
one can find the Betti numbers of the torus T 4. They are given by b0 = 1, b1 = 4, b2 = 6,
b3 = 4, and b4 = 1. The form content of the Heterotic theory in ten-dimensions is given by
16 one-forms AI and a two-form B. By way of our “general rule” the one-forms AI give
rise to 16 × b1(T 4) zero-forms and 16 × b0(T 4) one-forms. Looking at the Betti numbers
of T 4 this translates to 16 × 4 zero forms, which we previously called AIi , and 16 × 1
one-forms, which we previously called AIρ. Similarly, B gives rise to b2(T
4) zero-forms,
b1(T
4) one-forms, and b0(T
4) two-forms. From the Betti numbers of T 4 this translates to
6 zero-forms, which we previously called Bij, 4 one-forms, which we previously called Bρi,
and 1 two-form, which we previously called Bρξ. So, we can see that this formalism works
in the case of the Heterotic string. Let us consider now applying it to M-Theory.
In our task of putting M-Theory on K3× S1, we first put M-Theory on S1 and took
the low-energy limit obtaining Type IIA supergravity. The next step will be to put Type
IIA supergravity on K3 and take the low-energy limit. Hence, to find our final result of
M-Theory on K3 × S1 we need only put Type IIA supergravity on K3. Let us now look
at the specifics of this task, much of which is worked out in [3].
First we will examine the compactification of the forms of Type IIA supergravity on
K3. The process of compactifying the forms of Type IIA supergravity on K3 is exactly
the general process we outlined above for a generic p-form. So, we will simply apply this
process to each form of Type IIA supergravity.
The Type IIA supergravity theory possess three forms : a one-form A, a two-form
B, and a three form A3. Let us first consider the one form A. The one-form A, by way
of our general considerations above, gives b1(K3) zero-forms and b0(K3) one-forms. The
two-form B gives b2(K3) zero-forms, b1(K3) one-forms, and b0(K3) two-forms. Finally,
A3 gives b3(K3) zero-forms, b2(K3) one-forms, b1(K3) two-forms, and b0(K3) three forms.
Now the question is : What are the Betti numbers of the manifold K3? One may find
these in the standard reference Griffiths and Harris [5]. The Betti numbers of K3 are as
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follows : b0 = 1, b1 = 0, b2 = 22, b3 = 0, and b4 = 1. So, these imply that the one-form A
gives rise to 1 one-form. The two-form B gives rise to 22 zero forms and 1 two-form, and
the three-form A3 give rise to 22 one-forms and 1 three-form. Let us next consider how to
express this field content more mathematically.
Let us work first with the one-form A. It gives only one six-dimensional one-form.
Let us denote this one-form as A′. As our above construction of the p-form B in terms of
the forms α and β implies, the one-form A′ is related to the one-form A by,
A(xρ, xi) = A′(xρ), (3.22)
where we have parameterized M of the splitting M ×K3 × S1 by xρ and K3 by xi. We
may express B and A3 in a similar fashion. However, to do so we must introduce a basis
for H2(K3).
Let us choose an integral basis of the harmonic two-forms on K3 and notate this basis
as ωI , where, as b2 = 22, the index I runs from 1 to 22. As ω
I is harmonic, it is closed
and co-closed. Hence, ∗ˆωI , where ∗ˆ is the Hodge star operator on K3, is also harmonic9.
So, as ωI is a basis of the space of harmonic two-forms on K3, there exists a matrix HIJ
such that,
∗ˆωI = ωJHIJ . (3.23)
One should note [3] that the matrix HIJ depends upon the metric on K3; hence, it is a
function of the metric’s associated 57 moduli.
Now, with this basis of harmonic two-forms we may express the six-dimensional fields
which result from the two-form B and the three-form A3. As our above construction of
the p-form B in terms of the forms α and β implies, we may employ the basis of harmonic
two-forms ωI to explicitly write the low-energy fields resultant from putting M-Theory on
K3×S1. Explicitly, the two form B gives rise to the two-form B(xρ) and the 22 zero-forms
BI(x
ρ) which are related to B as follows,
B(xρ, xi) = B(xρ) +BI(x
ρ)ωI(xi). (3.24)
Similarly, the three-form A3 gives rise to the three-form A3(x
ρ) and the 22 one-forms
AI(x
ρ),
A3(x
ρ, xi) = A3(x
ρ) + AI(x
ρ)ωI(xi). (3.25)
9 This follows easily from the fact that up to a sign d∗ on K3 is d∗ = ∗ˆd∗ˆ and ∗ˆ2 = 1
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Now we are almost ready to write the six-dimensional action resultant from the low-energy
limit of M-Theory on K3× S1. We only need to resolve a few more points.
Counting up our one-forms in six-dimensions resulting from this compactification we
have 22 one-forms AI , which come from the compactification of A3, and an additional
one-form A′, which comes from the compactification of A, for a total of 23. However, the
Heterotic theory, with which we are trying to match this theory, has 24 U(1) gauge fields.
It looks as if we are one short if we wish to match these theories up. However, upon a
closer look, this is not the case. A3 gives rise to a six-dimensional three-form A3(x
ρ). This
six-dimensional three-form [3] gives rise to a six-dimensional field strength F ′4(x
ρ) which
is the analog of the ten-dimensional four-form F ′4. Upon dualizing this four-form [3] one
obtains a six-dimensional two-form field strength which yields a six-dimensional one-form
“vector-potential” which we shall call10 A′′. Hence, in sum total we have 23 + 1 = 24
gauge fields each with U(1) gauge group, just the same number of U(1) gauge fields which
appear in the Heterotic theory compactified on T 4. So, as in the Heterotic theory, let us
place these 24 one-forms into a convenient package AR, where R runs from 1 to 24.
Consider next the scalars in the low-energy limit of M-Theory on K3× S1. Less the
dilaton, we have the 57 moduli of a K3 metric and 22 scalars BI from the ten-dimensional
two-form B. This comes to a total of 79 one short of the 80 present in the Heterotic theory
on T 4. However, the 57 moduli present in the metric on K3 are not the entire story. There
exists [3] a scalar “breathing” mode ρ of K3. So, counting this “breathing” mode, less the
dilaton one has 1 + 57 + 22 = 80 scalars present in the low-energy limit of M-Theory on
K3×S1, less the dilaton, exactly the same number present in the Heterotic theory on T 4.
So, they may indeed be equivalent.
Finally, putting all of this information together, we may write down a six-dimensional
action which results from M-Theory being compactified on K3×S1. As in the case of the
Heterotic theory, we may define a 24× 24 dimensional O(4, 20) matrix M which depends
upon the 80 scalars of the theory mod the dilaton. This matrix M will appear in the
action in such a manner that it is invariant with respect to the action of O(4) × O(20)
so as to yield 80 physical scalars. Also, in writing the action let us introduce a prime to
all six-dimensional fields to delineate them from the six-dimensional fields of (3.5). The
10 There are several technical details of this process which we are not covering, but the inter-
ested reader can find them in [3].
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resultant action is [10],
S = S1 + S2 + S3 (3.26)
S1 =
∫ √
g′e−φ
′
(
1
2
R′ − 1
2
gρ̺′∂ρφ
′∂̺φ
′ − 1
24
gρ̺′gσς ′gτυ ′Hρστ
′H̺ςυ
′
)
(3.27)
S2 = −
∫ √
g′e−φ
′
(
1
2
gρ̺′gσς ′FRρσ
′(LM ′L)RSF
S
̺ς
′ − 1
16
gρ̺′Tr(∂ρM
′L∂̺M
′L)
)
(3.28)
S3 = −
∫ (
1
8
ǫµνρστǫBµν
′FRρσ
′LRSF
S
τǫ
′,
)
, (3.29)
where H ′ = dB′, FR′ = dAR′, the matrix L is the same matrix we encountered in (3.5),
and ǫµνρστǫ is the totally anti-symmetric tensor density in six-dimensions.
3.3. Heterotic ∼ M-Theory Equivalence
From the six-dimensional Heterotic action (3.5) and the six-dimensional M-Theory
action (3.26) one may see that the equations of motion for both theories are equivalent
[10] if one makes the following identifications [10],
φ′ = −φ (3.30)
gρξ
′ = e−φgρξ (3.31)
M ′ =M (3.32)
AR′ = AR (3.33)
√
geφHµνρ =
1
6
ǫµνρστǫHστǫ
′. (3.34)
The important point to notice about the above identifications is φ′ = −φ. Upon putting
the Heterotic theory on T 4 the six-dimensional coupling constant is proportional to e
φ
2 .
So, the weakly coupled region corresponds to φ → −∞. However, as we found earlier, to
identify eleven-dimensional M-Theory on S1 with ten-dimensional Type IIA string theory
we must make the radius of the S1 “large.” This, as R is proportional to eφ
′
, corresponds
to φ′ → ∞. So, the above identification (3.30) is actually matching the correct limits :
The weak coupling region of the Heterotic theory is matched with the low-energy limit of
M-Theory. Happily this is in accord with our expectations.
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3.4. Conclusion
As it turns out, our derivation is simply a re-statement of the string-string duality
conjecture in a different guise. This could be seen to be the case when one thought about
the fact that to obtain the low-energy limit of M-Theory on K3 × S1 we simply were
placing the Type IIA theory on K3. This is the same exploration which motivated the
string-string duality conjecture in six-dimensions; the fact that the Heterotic theory on T 4
and Type IIA theory on K3 both have the same moduli space and have the same equations
of motion upon the above identifications has been known [10]. So, we have simply found
that the M-Theory ∼ Heterotic equivalence conjecture in six dimensions simply reduces to
the string-string duality conjecture in six dimensions which is “good” in that it leads to
no contradictions, but is “bad” in that it leads to no new physics.
A similar argument as we presented in this article also goes through for the case of
the M-Theory ∼ Type II equivalence in six-dimensions. This equivalence places M-Theory
on T 4 × (S1/Z2) and the Type II theory on K3. It equivocates the low-energy limit of
M-Theory on T 4×(S1/Z2) with the weak coupling limit of the Type II theory on K3. This
equivalence also reduces to the standard string-string duality conjecture in six-dimensions.
One can see this by looking first at M-Theory on S1/Z2. The low-energy limit of
M-Theory on S1/Z2 is equivalent to [15] a strongly coupled Heterotic theory in ten-
dimensions. Taking the low-energy limit of M-Theory on T 4 × (S1/Z2) is thus equivalent
to taking the strong coupling limit of the Heterotic theory on T 4. However, by way of the
standard string-string duality [10] the strong coupling limit of the Heterotic theory on T 4
is equivalent to the weak coupling limit of the Type II theory on K3. Hence, the M-Theory
∼ Type II equivalence in six-dimensions simply reduces to the standard string-string du-
ality conjecture in six-dimensions. So, again, this is rather “good” in that it leads to no
contradictions, but is “bad” in that it leads to no new physics.
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